Exact solution of the steady Navier-Stokes equations has been obtained for the thermal stagnation-point flow at the leading edge of a turbine blade under the assumptions of constant nose radius and external vorticity, and fluid properties independent of temperature. The solutions reveal that curvature affects local heat transfer and skin friction while external vorticity does not. The effect of external vorticity is to shift the zero skin friction point away from the stagnation point. This solution is valid for all Reynolds number, external vorticity, and nose radius. In the limit of nose radius going to infinity and external vorticity, going to zero, the exact solution for two-dimensional plane stagnation-point flow is recovered identically. In addition, it can be shown that the velocity field around the stagnation point of a rotating curved surface is the same as that around the stagnation point of a stationary curved surface with an external vorticity which equals to twice of the rotational speed. This realization renders the present solution equally valid for thermal stagnationpoint flow at the leading edge of centrifugal impeller blades.
Introduction
Frequently, in the past, two-dimensional calculation methods were used to determine the gas-side heat transfer coefficient on turbine blades [1] . All these methods, whether based on the integral or differential equations, were derived on the assumption that the flow is steady and the static pressure variation across the boundary layer has very little effect on the flow, and hence can be neglected [2] . Measurements of two-dimensional turbulent boundary layers along plane surfaces lend support to this assumption [3] . However, when these methods were used to calculate flows along curved surfaces, they were found to be inadequate comparing with measured data [2] . The reason is that existing two-dimensional method neglects the effect of curvature on the mean flow streamlines.
This neglect is justifiable in laminar flows [4] [5] if 1 kδ  . On the other hand, the neglect of the effect of streamline curvature is not justifiable in the case of turbulent flows [6] even when 1 kδ  . Striking effects of curvature have been observed in turbulent boundary-layer flow over convex and concave surfaces [7] [8] . Boundary layer measurements
showed that large convex curvature in the mean flow streamlines leads to vanishing shear stress in regions where the mean velocity gradient is still substantial [7] , while large concave curvature promotes the formation of Taylor-Gortler type instabilities [8] . As a result, various attempts were made by different investigators to account for the effect of streamline curvature in two-dimensional turbulent shear flows [9] - [14] . Attempt to use these techniques to calculate flow around compressor blades was first made in [13] , and good correlations were obtained between measured and calculated results. Furthermore, these techniques were extended to model heat transfer on curved surfaces alone [14] and curved surfaces with swirl [15] . Again, good correlations were obtained between measured and calculated heat transfer results. In view of this, the same technique has also been used to predict the flow and heat transfer around axial flow turbine blades where Coriolis effects are absent [15] .
Generally, the solution of the two-dimensional plane stagnation-point flow [16] [17] [18] is used to provide initial conditions for heat transfer calculations along turbine blades. This assumption is valid as long as the surface curvature is considered to have negligible effect on the boundary-layer flow around the blades. With the introduction of improved techniques mentioned above [9] - [15] , it is evident that, to be consistent with the improved techniques, the effect of surface curvature on the stagnation-point flow cannot be neglected.
The boundary layer thickness in a stagnation-point flow is given by 2.4 a δ ν = ; therefore, it can be seen that the neglect of curvature effect is valid only if a ν is much less than the radius of curvature of the surface at the stagnation point [18] . In the leading edge of a turbine blade, the nose radius is very small and the above condition is not necessary true. As a result, surface curvature may have a significant effect on the flow and heat transfer downstream of the forward stagnation of a turbine blade. In addition to being affected by surface curvature (k), the flow and heat transfer at the leading edge are also influenced by free stream vorticity ( Ω ) in the flow approaching the turbine blades. Therefore, to obtain the correct initial conditions for subsequent heat transfer calculations around the blades using any one of the previously mentioned techniques [9] - [15] , the effect of k and Ω on the flow and heat transfer at the leading edge have to be considered and analyzed.
Effect of surface curvature on stagnation-point flow was first examined in [4] [5]. Assuming that 1 Re  and 1 kδ  , the analysis in [4] [5] proceeded to expand the stream function in terms of 1/Re. The problem was then solved using the technique of matched asymptotic expansions and the results gave the second-order effect on heat transfer coefficient and skin friction due to surface curvature. Further, second-order effect due to flow displacement and freestream Ω was also evaluated [4] [5] . Subsequently, other investigators [19] [20] [21] have also carried out analysis on the same problem invoking the same assumptions, but using different methods to solve the problem. The results obtained by these investigators were no different than those presented earlier [4] [5]. In some cases [19] [20] , the results were shown to be less accurate because of the assumptions the investigators had to invoke to simplify the problem.
The effect of constant external Ω on two-dimensional plane stagnationpoint flow was also attempted and an exact solution to the governing equations was obtained [22] . Unlike the perturbation solution mentioned previously [4] [5], the exact solution, without accounting for the effect of flow displacement, is valid for all Re [22] . Further, it was found that the effect of external Ω on the flow was to shift the zero skin friction point away from the stagnation point; however, no attempt had been made to analyze the heat transfer problem [22] .
On the other hand, a complete second-order analysis of the problem was carried out and it showed that if displacement effect were also included [23] , the shift of the zero skin friction point from the stagnation point is greater than that predicted in [22] . A thorough discussion of most second-order effects has been presented in [23] where the flows considered are not limited to stagnation-point flows.
In spite of the fairly complete second-order treatment of stagnation-point flow on curved surfaces [4] [5] [23] , the analysis is rather limiting because of the assumptions of 1 Re  and 1 kδ  . These assumptions could lead to two sources of error in the prediction of gas-side heat transfer coefficients on turbine blades. The obvious source is the inaccurate estimate of the heat transfer coefficient at the leading edge, which may or may not be too critical depending on the value of Re and kδ at the nose. A second source of error is associated with the incorrect estimate of initial conditions for subsequent convective heat transfer calculations on the rest of the blade. The effect of this error on the calculated heat transfer coefficient is difficult to estimate, and it could be more severe as Re decreases and kδ increases at the leading edge. Consequently, there is a need for a more exact theory that can correctly account for the effect of surface curvature and external Ω on thermal stagnation-point flows at the leading edge of turbine blades.
The objective of the present paper, therefore, is to investigate the effect of surface curvature and constant external Ω on heat transfer at the leading edge of axial flow turbine blades. To simplify the problem, the flow near the leading edge of the blade is approximated by the flow around a two-dimensional cylinder of the same radius as the nose. Also, the flow is assumed to be steady and laminar, and the fluid properties are assumed constant over the temperature range of interest. As the first attempt, the assumption of laminar flow at the stagnation point and its immediate vicinity is reasonable. It is shown that exact solutions to the governing equations could be obtained and that these solutions would reduce to the exact solution with constant Ω [22] 
The Governing Equations
The governing equations describing the steady incompressible flow and temperature fields near the forward stagnation point of a two-dimensional cylinder of constant radius R can be written with respect to a co-ordinate system attached to the cylinder as shown in Figure 1 . In component form, the full set of steady Navier-Stokes equations [24] is reduced to: 
The Inviscid Solution
Since the flow in the outer region is inviscid, the stream function, 
,
where the stream function is defined by
.
The boundary conditions are 0 Ψ = on the body,
This problem can be considered properly set for an elliptic differential equation, and a solution for Ψ can be sought in the form
Substituting (10) into (5) gives
where the primes denote ordinary differentiation with respect to x for P, and to y for Q and S. shown that only the particular integral of Equation (12) is of interest. A particular solution of (12) is given by
As a result, the solution for Ψ with boundary conditions (8) and (9) can be written as:
where a is an arbitrary constant. It should be pointed out that in the limit of 0 k → , Equation (16) 
Therefore, when 0 Ω = , Equation (17) reduces to the classical potential solution for two-dimensional plane stagnation-point flow.
The velocity field is given by
ln , a h v kh = − (19) and the pressure field is obtained by integrating the Euler equations which are the inviscid counterparts of (2) and (3). With the help of (18) and (19) , the pressure field can be written as:
where p is the pressure and 0 p is the pressure at the stagnation point. It should be noted that even when 0 Ω → the velocity u downstream of the stagnation point is not uniform as could be seen from Equation (18) . This is necessary because curvature gives rise to a "centrifugal force" that is balanced by a normal pressure gradient.
Viscous Flow and Heat Transfer
Equations (18)- (20) represent a complete solution to the inviscid problem. Once the inviscid solution is known, the next task is to focus on the viscous flow and heat transfer near the surface. Since the inviscid solution does not satisfy the no-slip condition at the wall, a viscous solution that is valid at and near the surface will be sought. This solution has to approach (18) and (19) for large y, and in this limit, the vorticity also approaches Ω in the external flow. In order not to impose any conditions on Re, kδ, and Ω , an exact solution to the governing Navier-Stokes Equations (1)- (3) is sought in the viscous layer. The pressure terms in the momentum equations are eliminated by cross-differentiating (2) and (3) 
where use has been made of Equation (1). Stagnation-point flow near the surface is, therefore, given by the solution of (21) subject to the boundary conditions
for large y.
(22b, c)
Once the velocity field is known, the stagnation-point heat transfer problem can be analyzed by solving Equation (4) subject to the conditions of an isothermal body and a uniform temperature in the external flow.
As in the case of plane flows with or without the effect of Ω [15] [16] [17] [18] [22] , a similar solution to Equation (21) is sought such that the velocity and temperature fields can be written as:
where ( )
Substituting Equations (23)- (25) into (21) and (4), the following equations for ( )
where the primes denote ordinary differentiation with respect to η . The condi-
and (22) 
The viscous flow and heat transfer problem at the stagnation point is reduced to solving three ordinary differential equations governing ( )
, and subject to boundary conditions (29) and (30). Thus formulated, solutions of these equations will represent exact solutions to the thermal stagnation-point problem at the leading edge of axial flow turbine blades.
Numerical Integration of the Governing Equations
The ordinary differential equations governing F, G, and Θ are highly nonlinear and analytic solutions for (26)-(28) are not easily obtainable and are not presently available. However, numerical technique could be used to simulate the solutions for (26)-(28). Since numerical solutions of ordinary differential equations is far better developed than those of highly nonlinear partial differential equations, such as the Navier-Stokes equations, and a lot more accurate, therefore, numerical solutions of (26)-(28) are both accurate and reliable.
To further simplify the governing equations for numerical analysis, a transformation first put forward in [20] is adopted. If the new similarity variable is denoted by ( )
and the new functions for F, G, and Θ are written as
then it can be easily shown that in terms of f, g, and θ, (26)-(28) become
The boundary conditions can be obtained from (29) and (30) with the help of (31)-(34). The transformed boundary conditions are given by
where the primes now denote differentiation with respect to ζ. Equations (35)-(37) are much simplified compared to (26)-(28). However, they are still highly nonlinear and two additional initial conditions each, namely,
are required for the numerical integration of (35) and (36). Fortunately, a first integral of (35) and (36) can be obtained, whereas such is not possible for (26) and (27). These integrals can be used to estimate one of the required initial conditions for the integrations of (35) and (36).
Integrating (35) and (36) once from 0 to ζ and making use of (38a-38d) gives
The constants C and C 1 can be determined by evaluating (40) and (41) at large ζ and making use of (39a-39e) and the following conditions. 
On the other hand, the displacement effect on ( ) g ζ can be easily analyzed and it will be carried out in the following analysis.
From (39c) it can be shown that
if displacement effect on g (ζ) are neglected, and
if displacement effect on ( ) g ζ are included. In the absence of curvature, (43a) reduces to the result given in [22] where displacement effect is not included, and (43b) reduces to the result presented in [4] [5] where displacement effect is accounted for. Therefore, two sets of solutions for ( ) g ζ will be obtained depending on whether ( ) g ζ is taken to satisfy (43a) or (43b) at large ζ in the evaluation of C 1 .
With the conditions for f and g defined at large ζ, it can be easily shown that C and C 1 are given by 
C g Kg
if displacement effect on g is included. It should be pointed out that in the limit of 0 K → , as expected, (45a,b) reduce to 1 0 C = and * 1 0 C δ = − , respectively. In the limit of 0 K → , (40) and (41) together with (44) and (45a) reduce to the equations analyzed in [22] . According to [4] , the solution given in [22] can only account for the kinematic effect of external Ω . If the dynamic effect were to be analyzed, then the displacement effect on g cannot be neglected. In other words, C 1 has to be evaluated from (45b). The second-order equation for vorticity effect analyzed in [4] [5] is inhomogeneous. However, it was shown in [4] [5] that the inhomogeneous part of the second-order equation is given by * 0 δ − . This is different from the present analysis. According to (45b), the result 
Discussion of Results
Equations (35) Local heat transfer and skin friction can be evaluated from
With the help of (23), (25) and equations (32)-(34), (46) and (47) can be re-
It can be seen from (49) that the effect of external Ω is to shift the zero shear point away from the stagnation point, which is located at x = 0. The shear stress that is responsible for this shift is designated ( ) Denoting the local heat transfer and skin friction of the K = 0 case by a subscript "o", the following relations for the ratio of local heat transfer and skin friction with and without curvature effect included are obtained
These results are shown in Figure 2 and Figure 3 , respectively.
In the approximate analysis of [4] [5], the inviscid surface velocity in the immediate vicinity of the stagnation point was expanded in the form ( ) ( )
where 11 u has the dimension of (time) −1 and 12 u has the dimension of (length) −1 (time) −1 . Using this expansion, the approximate analysis gives rise to the following expressions for the local heat transfer and skin friction ratios; namely, showed that, in addition to shifting the zero-shear point away from the stagnation point, external Ω also influences local heat transfer and skin friction.
However, on closer examination, it could be seen that the inviscid solution (18)- (20) deduced from the present analysis gives an inviscid surface velocity of 
These results are shown in Figure 2 and Figure 3 for comparison.
It can be seen in Figure 2 that the exact wall heat flux decrease with K for K > 0 is faster than that predicted by the approximate analysis [4] [5], and the opposite is true for K < 0. But as shown in Figure 3 , there is no discernible difference between the exact result for wall shear stress and that obtained from the approximate analysis [4] [5]. However, on close examination, a consistent difference does exist, especially for large K. This is evident from the results tabulated in Table 1 where the values of ( ) The higher wall shear given by the exact analysis is a direct consequence of the more favorable pressure gradient seen by the flow for a given K. From (2) it can be deduced that the pressure gradient at the wall along the flow direction is given by 
With the help of (23) and equations (31) - (33), it can be shown that (59) reduces to ( )
Again, the effect of external Ω is to shift the zero pressure gradient point away from the stagnation point. Consequently, (60) can be written as ( ) 
These results are plotted in Figure 4 . They show that the decrease in favorable pressure gradient with K, for K > 0, is faster for the exact solution than for the 
Therefore, "a" can be determined from knowledge of the approach flow and the nose radius. ternal Ω , and any Re.
Extention to Centrifugal Impeller Blades
The present analysis is formulated for a stationary curved surface with a uniform flow having a constant Ω approaching the surface. Therefore, it is directly applicable to leading edge problems in axial flow turbines where Coriolis force effect are absent in the viscous flow and heat transfer around turbine blades.
However, this is not true for a radial flow machine, and it would seem that the present analysis could not be applied to study the leading edge problem of cen- 
where
is the reduced pressure and r is the radial distance from the axis of rotation. As before, k is taken to be constant. Since the flow is two-dimensional, there is only one component of vorticity and it is normal to the plane of flow. This component is given by
in the inviscid flow region. With the problem thus formulated, it can be easily seen that the inviscid flow is again governed by the Poisson Equation (5) with boundary conditions given by (8) and (9) . Therefore, the inviscid velocity field is given by (18) and (19) 
By cross-differentiating Equations (66) and (67) to eliminate * p , it can be shown that the resulting vorticity equation is again given by (21) because the Coriolis force terms are zero as a result of the continuity equation (65). The boundary conditions are the same as (22) . In view of this, the velocity field around the stagnation point of a rotating curved surface is the same as that around the stagnation point of a stationary curved surface with an approach flow having a constant Ω equal to twice the rotational speed. Since the temperature field as defined by (68) only depends on the velocity field, the resulting solution of (68) would also be the same as that obtained before, provided the thermal boundary conditions remain the same. The pressure field will be different and is given by the integral of (66) and (67) once the velocity field is known.
From the above discussion, it can be seen that the present exact analysis can also be extended to study the steady heat transfer and viscous flow around the stagnation point at the leading edge of centrifugal impeller blades.
Conclusions
The problem of a steady thermal stagnation-point flow at the leading edge of an axial flow turbine under the influence of a constant external Ω has been analyzed. It is shown that exact solutions to the steady governing NavierStokes equations can be obtained if the nose radius is constant. Heat transfer and skin friction results obtained for the curvature parameter K ranging from 0.3
show that, within this range, the linear relation between wall shear and K given by the approximate analysis of [4] [5] is essentially correct. However, the decrease of wall heat flux with K for K > 0 is faster than that predicted in [4] [5] , and the opposite is true for K < 0. Consequently, the exact results show that the approximate analysis is correct only in the determination of the slopes of the variation of wall shear and local heat transfer with K at K = 0.
External Ω gives rise to a wall shear stress that is responsible for shifting the zero skin friction point away from the stagnation point. Although the wall shear is a function of external Ω and displacement, it is independent of curvature. Besides this effect, external Ω has no other effect on wall shear and local heat transfer. This is contrary to the results given in [4] [5], which revealed that ex-
ternal Ω also has a second-order effect on wall shear and wall heat flux. This error in the analysis detailed in [4] [5] could be traced to its incorrect proposed expansion for the inviscid surface velocity in the immediate vicinity of the stagnation point. If a correct expansion is proposed, the approximate results are consistent with the exact solutions, at least to the lowest order.
Surface curvature also influences the wall static pressure distribution in the vicinity of the stagnation point. It is found that convex curvature decreases the favorable pressure gradient, but concave curvature increases it. This implies that the flow near the leading edge of turbine blades (whose curvature is convex) will be more susceptible to laminar separation than the corresponding flow toward a plane surface. In addition, surface curvature affects the velocity and temperature profiles and the thickness of the viscous layer. All these underline the impor-tance of including surface curvature and external Ω effect in the heat transfer calculation around turbine blades.
Finally, it is shown that the present analysis can also be applied to study the steady leading edge stagnation-point flow problem in centrifugal impeller blades. With the exception of the pressure field, the solution to the impeller blade problem is identical to that of the axial flow turbine blade. a 1
Arbitrary constant defined in Equation (13) a 2 Arbitrary constant defined in Equation (14) a Arbitrary constant defined in Equation (16) C, C 1
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